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Introduction
In this paper we deal with the problem of finding useful criteria for the strong convergence of a bounded operator semigroup T on a Banach space E, with a special view on the asymptotics of certain semigroups of positive operators on Banach lattices. This problem is not at all new, but we refrain from even trying to give a list of relevant literature at this point. (However, cf. Section 7 below.) Rather, let us stress some features that distinguish our approach from most others.
Classically, asymptotics of operator semigroups focusses on strongly continuous one-parameter semigroups T = (T t ) t∈[0,∞) . However, there are important instances of operator semigroups which lack strong continuity, e.g., the heat semigroup on the space of bounded continuous functions on R or on the space of finite measures over R or, in an abstract context, dual semigroups of C 0 -semigroups on non-reflexive spaces. (See the recent paper [Kun18] for a more involved concrete example.) Hence, there is a need for results on asymptotics beyond C 0 -semigroups.
Secondly, besides the "continuous time" case just mentioned, there is an even more fundamental interest in "discrete time", i.e., in the asymptotics of the powers T n of a single operator T . From a systematic point of view, it is desirable to try to cover both cases at the same time as far as possible. This is the reason why we consider general semigroup representations (T s ) s∈S -where (S, +) is an Abelian semigroup with zero element 0-as bounded operators on a Banach space without any further topological assumptions (see Section 2).
It may not come as a surprise that non-trivial results about asymptotics can be obtained-even in such a general setting-by employing the so-called JacobsdeLeeuw-Glicksberg (JdLG) theory for compact (Abelian) semitopological semigroups. In fact, the role of the JdLG-theory for asymptotics is well-established. Usually, it is applied to the semigroup T := cl{T s | s ∈ S} (closure in the strong or weak operator topology) and hence rests on a "global" compactness requirement for the whole semigroup. This is appropriate for the abovementioned "classical" cases (powers of a single operator, C 0 -semigroups) because there the strong compactness of T is necessary for the convergence of T . However, typical examples of non-continuous shift semigroups (left shift on L ∞ (0, 1) or c 0 (R + )) show that such semigroups may converge strongly to 0 without being relatively strongly compact. (The left shift semigroup on c 0 (R 0 ) is not even eventually relatively strongly compact.)
In order to cover also these more general situations, we introduce the set
which we call the semigroup at infinity. It turns out that T ∞ is a good replacement for T if T ∞ is strongly compact and not empty. In particular, its minimal projection, P ∞ , satisfies
(see Theorem 2.2). Not surprisingly, in the mentioned "classical" cases the condition that T ∞ be strongly compact and not empty is actually equivalent to relative strong compactness of the original semigroup (cf. Remark 2.6), and hence the use of T ∞ is then-in some sense-unnecessary. In a general appoach going beyond these classical cases, however, it is our means of choice.
In a next step (Section 3), we describe a convenient set-up that warrants the crucial property (i.e.: T ∞ is non-empty and compact). To this end, the new notion of quasi-compactness relative to a subspace is introduced. This condition generalizes the traditional notion of quasi-compactness of a semigroup and plays a central role in our first main result (Theorem 3.1).
After these completely general considerations, and from then on until the end of the paper, we confine our attention to positive operator semigroups on Banach lattices. Our second main result, Theorem 4.3, appears to be a mere instantiation of Theorem 3.1 in such a setting. However, the theorem gains its significance from the fact that the required quasi-compactness condition is intimately linked to the well-known property of AM-compactness of positive operators which, in turn, occurs frequently when dealing with "concrete" positive semigroups arising in evolution equations and stochastics (see Appendix A).
The main thrust of Theorem 4.3 is that it reduces the study of the asymptotic properties of certain positive semigroups to the following special case: E is an atomic Banach lattice and T embeds into a strongly compact group of positive invertible operators thereon. Hence, in the subsequent Section 5 we analyze this situation thoroughly and establish a structure theorem which is reminiscent of the Peter-Weyl theorem and its consequences for Banach space representations of compact groups (Theorem 5.4).
Putting the pieces together, in Section 6 we formulate several consequences regarding the asymptotic (and spectral-theoretic) properties of a positive semigroup T = (T s ) s∈S satisfying the conditions of Theorem 4.3. Particularly important here is the fact that we can identify (in Theorem 6.2) two intrinsic properties of the semigroup S that imply the convergence of T : an algebraic one (essential divisibility of S) and a topological one (under the condition that S is topological and T is continuous). Interestingly enough, both are applicable in the case S = R + , but none of them in the case S = N 0 .
Finally, in Section 7 we review the pre-history of the problem and show how the results obtained so far by other people relate to (or are covered by) our findings. Interestingly, in this pre-history the spectral-theoretic results ("triviality of the point spectrum") have taken a much more prominent role than the asymptotic results. We end the paper with a new and unifying result in this direction (Theorem 7.6).
Relevance and Relation to the Work of Others. The present work can be understood as a continuation and further development of the recent paper [GG17b] by M. Gerlach and the first author. Many ideas in the present paper can already be found in [GG17b] , like that one can go beyond strong continuity by combining the JdLG-theory with the concept of AM-compactness; or that under AM-compactness conditions a purely algebraic property (divisibility) of the underlying semigroup suffices to guarantee the strong convergence of the representation.
However, we surpass our reference in many respects:
1) A general Banach space principle (Theorem 3.1) is established and identified as the theoretical core which underlies the results of [GG17b] . This principle, which is based on the new notion of "quasi-compactness relative to a subspace" and on our systematic study of the "semigroup at infinity" (Theorem 2.2), has potential applications in the asymptotic theory of semigroups without any positivity assumptions.
2) As a consequence of 1), the two main results from [GG17b] , Theorem 3.7 and Theorem 3.11, are now unified. Moreover, our results hold without requiring the semigroup to have a quasi-interior fixed point.
3) A general structure theorem for representations of compact groups on atomic Banach lattices (Theorem 5.4) is established. This result is auxiliary to-but actually completely independent of-our principal enterprise, the asymptotics of operator semigroups. From a different viewpoint, it is a contribution to the theory of positive group representations as promoted by Marcel de Jeu (Leiden) and his collaborators.
4)
A new spectral-theoretic result (Theorem 7.6) about the properties of unimodular eigenvalues is establied.
To understand the relevance of the results obtained in this paper, one best looks into the pre-history of its predecessor [GG17b] . We decided to place such a historical narrative after our systematic considerations, in Section 7. That gives us the possibility to then refer freely to the results proven before, and to explain in detail their relation to the results obtained earlier by other people.
Notation and Terminology. We use the letters E, F, . . . generically to denote Banach spaces or Banach lattices over the scalar field K ∈ {R, C}. The space of bounded linear operators is denoted by L(E; F ), and L(E) if E = F ; the space of compact operators is K(E; F ), and K(E) if E = F . Frequently, we shall endow L(E; F ) with the strong operator topology (sot). To indicate this we use terms like "sot-closed", "sot-compact" or speak of "strongly closed" or "strongly compact" sets etc. A similar convention applies when the weak operator topology (wot) is considered. Whereas for a set A ⊆ E the set cl σ (A) is the closure of A in the weak (= σ(E; E ′ )) topology on E, the sot-closure and the wot-closure of a set M ⊆ L(E; F ) are denoted by cl s (M ) and cl w (M ), respectively. We shall frequently use the following auxiliary result, see [EN00, Corollary A.5].
Lemma 1.1. Let E be a Banach space. Then a bounded subset M ⊆ L(E) is relatively strongly (weakly) compact if and only if the orbit
is relatively (weakly) compact for all x from a dense subset of E.
The set L(E) is a semigroup with respect to operator multiplication. Operator multiplication is sot-and wot-separately continuous, and it is sot-simultaneously continuous on norm-bounded sets.
For the definition of a semigroup as well as for some elementary definitions and results from algebraic semigroup theory, see Appendix C.
We shall freely use standard results and notation from the theory of Banach lattices, with [Sch74] and [MN91] being our main references. If E is a Banach lattice the set E + := {x ∈ E | x ≥ 0} is its cone of positive elements. In some proofs we confine tacitly to real Banach lattices, but there should be no difficulty to extend the arguments to the complex case.
Representations of Abelian Semigroups
Throughout the article, S is an Abelian semigroup (written additively) containing a neutral element 0.
Observe that for each s ∈ S the set s+S := {s + r | r ∈ S} ⊆ S is a subsemigroup of S. We turn S into a directed set by letting
For limits of nets (x s ) s∈S with respect to this direction, the notation lim s∈S x s is used. Note that 0 ≤ s for all s ∈ S.
Example. Observe that in the cases S = Z + and S = R + the so-defined direction and the associated notion of limit coincides with the usual one.
A representation of S on a Banach space E is any mapping T : S → L(E) satisfying T (0) = I and T (s + t) = T (s)T (t) (t, s ∈ S). In place of T (s) we also use index notation T s , and often call T = (T s ) s∈S an operator semigroup (over S on E). The fixed space of the representation T is
An operator semigroup (T s ) s∈S is bounded if
Boundedness has the following useful consequence.
Lemma 2.1. Let T = (T s ) s∈S be a bounded operator semigroup on the Banach space E. Then for each vector x ∈ E the following assertions are equivalent:
(ii) lim s∈S T s x = 0.
Proof. Suppose that (i) holds and ε > 0. Then there is s ∈ S such that T s x ≤ ε.
But then
T t x ≤ ε M T for all t ∈ s+S. It follows that lim s∈S T s x = 0, i.e., (ii). The converse is trivial.
Given an operator semigroup T = (T s ) s∈S on a Banach space E, a subset A of E is called T -invariant if T s (A) ⊆ A for all s ∈ S. A closed, T -invariant subspace F of E gives rise to a subrepresentation by restricting the operators T s to F . Such a subrepresentation is called
A one-dimensional subrepresentation is given by a scalar representation λ : S → K and a non-zero vector u ∈ E such that
The corresponding mapping λ is then called an eigenvalue of T , and u is called a corresponding eigenvector. Obviously,
An eigenvalue λ = (λ s ) s∈S is called unimodular if |λ s | = 1 for each s ∈ S. (So the constant eigenvalue 1 is unimodular.) An unimodular eigenvalue λ of T is called a torsion eigenvalue if there is m ∈ N such that λ m s = 1 for all s ∈ S. If E is a Banach lattice, a semigroup (T s ) s∈S on E is called positive if the positive cone E + is T -invariant, i.e., if each operator T s is positive. And a positive semigroup is called irreducible or said to act irreducibly on E if {0} and E are the only T -invariant closed ideals of E. (Recall that a subspace J of E is an ideal if it satisfies: x ∈ E, y ∈ J, |x| ≤ |y| ⇒ x ∈ J.)
The Semigroup at Infinity. Given an operator semigroup T = (T s ) s∈S we write
for its range, which is a subsemigroup of L(E). And we abbreviate
and call
the associated semigroup at infinity. In effect, T ∞ is the set of sot-cluster points of the net (T s ) s∈S . Note that T ∞ is multiplicative and even satifies
But it may be empty (in which case it is, according to our definition in Appendix C, not a semigroup
1
.)
The JdLG-Splitting Theory. One of the principal methods to prove strong convergence of a bounded semigroup is to employ the splitting theory of Jacobs, de Leeuw and Glicksberg as detailed, e.g., in [EFHN15, Chapter 16]. Usually, this theory is applied to the semigroup T or to its wot-counterpart cl w {T s | s ∈ S}.
In contrast, we shall apply it to T ∞ . If T ∞ is a strongly compact semigroup, the JdLG-theory tells that it contains a unique minimal idempotent, which we denote by P ∞ . (Minimality means that P ∞ · T ∞ is a minimal ideal in T ∞ .) The range of P ∞ is denoted here by E ∞ := ran(P ∞ ). Observe that QT s = T s Q for each s ∈ S and each Q ∈ T ∞ . In particular, E ∞ is T -invariant. Theorem 2.2. Let T = (T s ) s∈S be a bounded operator semigroup on the Banach space E such that the associated semigroup at infinity, T ∞ , is strongly compact and non-empty. Then the following additional assertions hold:
is a strongly compact group of invertible operators on E ∞ . Moreover,
c) For each x ∈ E the following statements are equivalent:
(iii) lim s∈S T s x = 0.
(iv) Rx = 0 for some/all R ∈ T ∞ .
1 We apologize for this little abuse of terminology. d) If (λ s ) s∈S is a unimodular eigenvalue of T with eigenvector 0 = x ∈ E, then
x ∈ E ∞ and there is a unique eigenvalue µ = (µ Q ) Q∈G of G such that λ s = µ Ts for all s ∈ S.
is an unimodular eigenvalue of T .
(We suppose K = C for assertions d) and e).)
By a) we have T | E∞ = T ∞ | E∞ , and the latter is a strongly compact group of invertible operators on E ∞ by the JdLG-theory. Since restriction is a sot-continuous
The converse inclusion follows from GP ∞ ⊆ T , which is true because P ∞ ∈ T . c) If Rx = 0 for all R ∈ T ∞ , then clearly (i) holds, and (i) implies that Rx = 0 for some R ∈ T ∞ . On the other hand, this latter statement obviously implies 0 ∈ {T s x | s ∈ S}, which is equivalent to lim s∈S T s x = 0, i.e., (iii). If, in turn, (iii) holds and ε > 0 is fixed, then there is s ∈ S such that
Finally, (iii) obviously implies (ii). Conversely, starting from (ii) we apply P ∞ to obtain 0 ∈ cl σ {T s P ∞ x | s ∈ S}. However, by b) the set {T s P ∞ x | s ∈ S} is relatively strongly compact and hence its weak and its strong closures must coincide. This yields 0 ∈ {T s P ∞ x | s ∈ S}, which implies P ∞ x = P ∞ (P ∞ x) = 0 by what we have already shown. d) Let 0 = x ∈ E be an eigenvector for the unimodular eigenvalue (λ s ) s∈S of T . Define y := x − P ∞ x. Then P ∞ y = 0 and hence T s y → 0. On the other hand, since P ∞ commutes with every T s , T s y = λ s y for all s ∈ S. As |λ s | = 1, it follows that y = 0 and hence x ∈ E ∞ . The remaining statement now follows easily since Cx is T -invariant and T S | E∞ is dense in G. e) is obvious.
As a corollary we obtain the following characterization of the strong convergence of a semigroup.
Corollary 2.3. For a bounded operator semigroup T = (T s ) s∈S on a Banach space E the following assertions are equivalent:
(ii) T ∞ is a singleton; (iii) T ∞ is non-empty and strongly compact and acts as the identity on E ∞ ; (iv) T ∞ is non-empty and strongly compact and T acts as the identity on E ∞ .
In this case: lim s∈S T s = P ∞ .
Proof. (i) ⇒ (ii): If T is strongly convergent with P := lim s∈S T s being its limit, then T ∞ = {P } is a singleton.
(ii) ⇒ (iii): If T ∞ = {P } is a singleton, then it is clearly non-empty and strongly compact. It follows that P = P ∞ , and hence T ∞ acts as the identity on E ∞ .
(iii) ⇒ (iv): Suppose that T ∞ is non-empty and strongly compact and acts as the identity on E ∞ . Let Q ∈ T ∞ . Then, by the equivalence (i) ⇔ (iv) in Theorem 2.2.c), Q(I − P ∞ ) = 0 and hence Q = QP ∞ = P ∞ . So it follows that T ∞ = {P ∞ }. Moreover, since T s T ∞ ⊆ T ∞ for each s ∈ S, we obtain T s P ∞ = P ∞ and hence T s = I on E ∞ for all s ∈ S.
(iv) ⇒ (i): Suppose that (iv) holds. Then
Theorem 2.2 and its corollary yield the following strategy to prove strong convergence of an operator semigroup: 1) Show that T ∞ is non-empty and strongly compact.
2) Show that T ∞ (or, equivalently, T ) acts as the identity on E ∞ := ran(P ∞ ).
(For this one may employ the additional information that T acts on E ∞ as a compact group.)
Remark 2.4. Suppose that T = (T s ) s∈S is a strongly relatively compact operator semigroup on E with minimal idempotent P ∈ T . Then, of course, T ∞ is nonempty and strongly compact, and hence a closed ideal of T . It follows from the minimality of P in T and P ∞ in T ∞ that
Hence P T = P ∞ T ∞ , which implies that P = P ∞ . So, in the case that T is relatively strongly compact, passing to the semigroup at infinity yields the same JdLG-decomposition of E as working with T .
We end this section with a technical, but useful characterization of the property that T ∞ is non-empty and compact.
Proposition 2.5. For a bounded operator semigroup T = (T s ) s∈S on a Banach space E the following assertions are equivalent:
(i) T ∞ is non-empty and strongly compact.
(ii) Every subnet of (T s ) s∈S has a strongly convergent subnet.
(iii) Every universal subnet of (T s ) s∈S is strongly convergent.
(iv) For each x ∈ E every subnet of (T s x) s∈S has a convergent subnet.
(v) For each x ∈ E every universal subnet of (T s x) s∈S converges.
If S contains a cofinal sequence, then the above assertions are also equivalent to:
(vi) For every x ∈ E and every cofinal sequence (s n ) n∈N ⊆ S, the sequence (S sn x) n∈N has a convergent subsequence.
Proof. (i) ⇒ (iv): Suppose that (i) holds and let x ∈ E. The net (T s (I − P ∞ )x) s∈S converges to 0 according to Theorem 2.2.c). On the other hand, the net (T s P ∞ x) s∈S is contained in the compact set T ∞ P ∞ x due to Theorem 2.2 a), so each of its subnets has a convergent subnet. This shows (iv).
(iv) ⇒ (v): This follows since a universal net with a convergent subnet must converge.
(v) ⇒ (iii): Let (T sα ) α∈I be a universal subnet of (T s ) s∈S . Then for each x ∈ E, the net (T sα x) α∈I is universal and hence, by (v), convergent. Thus, (T sα ) α∈I is strongly convergent.
Suppose that S admits a cofinal sequence. Then by Theorem B.3 for each x ∈ E the set C x := t∈S cl{T s x | s ≥ t} is non-empty and compact. Since T ∞ x ⊆ C x , it follows that T ∞ is strongly compact. In order to see that T ∞ is not empty, fix a cofinal sequence (s n ) n . By (vi) and since E is metrizable, it follows that for each x ∈ E the set {T sn x | n ∈ N} is relatively compact. Hence, {T sn | n ∈ N} is relatively strongly compact. It follows that the sequence (T sn ) n has a cluster point, which is a member of T ∞ since (s n ) n is cofinal.
Remarks 2.6. 1) Assertion (vi) in Proposition 2.5 is called strong asymptotic
2) Proposition 2.5 has an interesting consequence in the "classical" cases where S = N 0 or S = R + and T is strongly continuous (cf. the Introduction). Namely, in these cases one can actually dispense with the semigroup at infinity, because T ∞ is strongly compact and non-empty if and only if T is strongly compact.
In the next section we shall present another situation in which T ∞ is non-empty and strongly compact.
The Abstract Main Result
Suppose that E and F are Banach spaces such that F is densely embedded in E: F d ֒→ E. Reference to this embedding is usually suppressed and F is simply regarded as a subspace of E. We take the freedom to consider an operator on E also as an operator from F to E. (This amounts to view L(E) ⊆ L(F ; E) via the restriction mapping.)
A semigroup (T s ) s∈S on E is called F -to-E quasi-compact, or quasi-compact relatively to F , if for each ε > 0 there is s ∈ S and a compact operator K :
Note that we do not require that K can be extended to a bounded operator on E. In effect, the condition of being F -to-E quasi-compact can be expressed as
where "dist" refers to the distance induced by the norm on L(F ; E).
Theorem 3.1. Let E and F be Banach spaces, with F being densely embedded into E, and let (T s ) s∈S be a bounded operator semigroup on E which restricts to a bounded operator semigroup on F and is F -to-E quasi-compact. Then the following assertions hold: a) T ∞ is a strongly compact and non-empty.
b) Each element of T ∞ is compact as an operator from F to E. c) T acts on E ∞ as a sot-compact group of invertible operators. d) For x ∈ E the following assertions are equivalent:
Proof. a) and b) By passing to an equivalent norm on F we may suppose that each T s , s ∈ S, is a contraction on F . Let B F and B E denote the closed unit balls of E and F , respectively.
Let ε > 0 and choose s ∈ S and
+ εB E for each t ∈ S, and therefore
Now, let (T sα ) α be any universal subnet of (T s ) s∈S (Lemma B.1) and let x ∈ B F . Then the net (T sα x) α is a universal net in E. Moreover, (3.1) shows that for each ε > 0 this net has a tail contained in the ε-neighborhood of some compact set. Hence, by Lemma B.2, it is a Cauchy net and thus convergent in E. Since F is dense in E and T is bounded, (T sα x) α converges for every x ∈ E. In other words, (T sα ) α is strongly convergent. As its limit must be a member of T ∞ , it follows that
is compact, it admits a finite ε-mesh. Hence, T ∞ (B F ) admits a finite 2ε-mesh. Since this works for each ε > 0, T ∞ (B F ) is relatively compact in E.
In particular, it follows that T ∞ ⊆ K(F ; E) and that for each x ∈ F the orbit T ∞ x is relatively compact in E. Since T is bounded on E and F is dense in E, T ∞ is relatively strongly compact (Lemma 1.1). But T ∞ is strongly closed, so it is strongly compact as claimed. c) and d) follow from a) by Theorem 2.2.
Remark 3.2. Theorem 3.1 seems to be new even for C 0 -semigroups. In that case, by Remark 2.6.b), it follows a posteriori that the C 0 -semigroup is relatively compact.
In the next sections we shall see that our set-up from above has a quite natural instantiation in the context of semigroups of positive operators on Banach lattices with a quasi-interior point.
Positive Semigroups and AM-Compactness
From now on, we consider positive semigroups T = (T s ) s∈S on Banach lattices E. The role of F in our abstract setting from above will be taken by the principal ideal E y := {x ∈ E | there is c ≥ 0 such that |x| ≤ cy} for some y ∈ E + , endowed with the natural AM-norm
Since we need that F = E y is dense in E, we have to require that y is a quasiinterior point in E.
As we further need E y -to-E quasi-compactness, it is natural to ask which operators on E restrict to compact operators from E y to E. It turns out that these are precisely the AM-compact operators, i.e., those that map order intervals of E to relatively compact subsets of E, see Lemma A.3.
There are a couple of useful theorems that help to identify AM-compact operators. For example, operators between L p -spaces induced by positive integral kernel functions and positive operators that "factor through L ∞ -spaces" are AM-compact. (Proofs of these well-known facts are presented in Appendix A, see Theorems A.3 and A.4.)
The Range of a Positive Projection. When we apply Theorem 3.1 to a semigroup of positive operators, the resulting projection P ∞ will be positive, too. The following is a useful information about its range.
Lemma and Definition 4.1. Let E be a Banach lattice and let P be a positive projection on E. Define
Then the following assertions hold: a) · P is an equivalent norm on ran(P ).
b) The space ran(P ) is a Banach lattice with respect to the order induced by E and the norm · P . Its modulus is given by
The Banach lattice ran(P ) endowed with the norm · P as in a) and b) is denoted by [ran(P )].
c) If y ∈ E + then P (E y ) ⊆ [ran(P )] P y . In particular, if y ∈ E + is a quasiinterior point of E then P y is a quasi-interior point of [ran(P )].
Proof. This is essentially [Sch74, Proposition III.11.5].
In order to obtain further insight into the relation of the closed ideals in [ran(P )] and in E, we define for any Banach lattice E the mapping Φ(J) := cl x ∈ E | |x| ≤ y for some y ∈ J + (J ⊆ E).
Theorem 4.2. Let E be a Banach lattice and P a positive projection on E, and let Φ be defined as above. Then the following assertions hold:
is P -invariant and the smallest closed ideal in E containing J. Moreover,
Proof. a) Let I ⊆ E be a closed P -invariant ideal and let J := I ∩ ran(P ). Then J is a closed subspace of ran(P ). And if x ∈ ran(P ) and y ∈ J with |x| P ≤ |y| P , it follows that |x| = |P x| ≤ P |x| = |x| P ≤ |y| P = P |y| ∈ I by P -invariance. Hence, x ∈ J and therefore J is an ideal in [ran(P )]. Moreover, again by P -invariance,
and hence I ∩ ran(P ) = J = P (I). b) Let J be any closed ideal of [ran(P )]. Then Φ(J) is the smallest closed ideal in E containing J. (In fact, if x ∈ J then |x| = |P x| ≤ P |x| = |x| P ∈ J + , and hence J ⊆ Φ(J).) It is also P -invariant, for if |x| ≤ y ∈ J + then |P x| ≤ P |x| ≤ P y = y. This also shows that P (Φ(J)) ⊆ J, and since J ⊆ Φ(J), it follows that P (Φ(J)) = J.
The Main Result for Positive Semigroups. We are now prepared for our second main theorem.
Theorem 4.3. Let T = (T s ) s∈S be a bounded and positive operator semigroup on a Banach lattice E with a quasi-interior point y ∈ E + . Suppose, in addition, that T is E y -to-E quasi-compact and restricts to a bounded semigroup on E y . Then the following assertions hold: a) T ∞ is strongly compact and non-empty and consists of AM-compact operators.
is an atomic Banach lattice with order continuous norm and quasiinterior point P ∞ y.
c) The semigroup T = cl s {T s | s ∈ S} acts on [ran(P ∞ )] as a compact topological group of positive, invertible operators.
Proof. a) follows from Theorem 3.1 and Lemma A.1.
′ is an order interval of E. Since P ∞ is AM-compact but restricts to the identity on E ∞ , it follows that J = P ∞ (J) ⊆ P ∞ (J ′ ) is relatively compact. By [Wnu99, Theorem 6.1], this implies that E ∞ as a Banach lattice is atomic and has order continuous norm. c) This follows again from Theorem 3.1. d) Suppose that J = {0} is a closed T -invariant ideal in [ran(P ∞ )]. Then the set {x ∈ E | |x| ≤ y for some y ∈ J + } is T -invariant, and hence Φ(J) is a closed T -invariant ideal in E containing J. By irreducibility, Φ(J) = E, and hence ran(P ∞ ) = P (E) = P (Φ(J)) = J by Theorem 4.2.
Remarks 4.4. 1) The assumption that T restricts to a bounded semigroup on E y is for instance satisfied if y is a sub-fixed point of T , i.e., if T t y ≤ y for all t ∈ S.
2) Certainly, if T s is AM-compact for some s ∈ S then T is E y -to-E quasicompact.
We conclude this section with the following result, essentially proved by Gerlach and Glück in [GG17b, Lemma 3 .12]. It shows that in certain situations it suffices to require merely that T s dominates a non-trivial AM-compact operator for some s ∈ S.
Lemma 4.5. Let T = (T s ) s∈S be a bounded, positive and irreducible semigroup on a Banach lattice E with order continuous norm and a quasi-interior sub-fixed point y of T . Suppose that there are s ∈ S and an AM-compact operator K = 0 on E with 0 ≤ K ≤ T s . Then T is E y -to-E quasi-compact and restricts to a bounded semigroup on E y . In particular, Theorem 4.3 is applicable.
Compact Groups of Positive Operators on Atomic Banach Lattices
In view of our general strategy, Theorem 4.3 suggests to look for criteria implying that a positive group representation on an atomic Banach lattice with ordercontinuous norm is trivial. To this end, we first summarize some known results about atomic Banach lattices.
Atomic Banach Lattices. Recall that an atom in a Banach lattice is any element 0 = a ∈ E such that its generated principal ideal, E a , is one-dimensional: E a = K·a. We denote by
the set of positive atoms of norm one. For distinct a, b ∈ A one has |a − b| = |a + b| = a + b ≥ a and hence a − b ≥ a = 1. This shows that A is a discrete set with respect to the norm topology.
A Banach lattice E is called atomic, if E is the smallest band in E that contains all atoms. In other words,
For each a ∈ A the one-dimensional subspace E a = Ka is a projection band, with corresponding band projection P A given by as a strongly order convergent series. Each band B in E is generated (as a band) by A ∩ B.
Remark 5.2. There are different notions of "order convergence" in the literature, see [AS05] . We employ the definition found in [MN91, Definition 1.1.9 i)]. For the case of (5.1) this simply means
where the supremum is taken over all finite subsets of A.
Proof of Theorem 5.1. Fix a finite set F ⊆ A. If a, b ∈ F with a = b, then a ∧ b = 0 and hence P a P b = 0. It follows that
is a projection (and F is a linearly independent set). Again by the pairwise disjointness of the elements of F ,
This shows that 0 ≤ P F ≤ I, and hence P F is a band projection [MN91, Lemma 1.2.8]. Since, obviously, ran(P F ) = span(F ), the first assertion is proved. In order to prove (5.2) fix x ∈ E + and let y ∈ E + be such that y ≥ P F x for all finite F ⊆ A. Then y ≥ P a x for each a ∈ A and hence
If E is atomic, it follows that x = x ∧ y, i.e., x ≤ y. This yields (5.2).
Finally, let B ⊆ E be any band and let 0 ≤ x ∈ B. Then for each a ∈ A, P a x ∈ B (since 0 ≤ P a x ≤ x and B is an ideal). Hence, either P a x = 0 or a ∈ B. It follows from (5.1) that B is generated by A ∩ B.
With this information at hand we now turn to the representation theory.
A Structure Theorem. Let G ⊆ L(E) be a group of positive, invertible operators on E. (In particular, G consists of lattice homomorphisms.) Then for each g ∈ G and a ∈ A the element g · a ∈ E must be an atom again. In effect
It is easy to see that
is a group homomorphism from G to the group of all bijections on A. The corresponding action
is called the induced action of G on A. For each a ∈ A the orbit mapping
of the induced action is continuous (with respect to the strong operator topology on G). If, in addition, G is strongly compact, then each orbit
is finite (since A is discrete). We denote by A/G the set of all these orbits. Then A/G is a partition of A into finite subsets.
Lemma 5.3. In the described situation, suppose that G is compact. Then for a ∈ A and g ∈ G: g · a = a ⇔ ϕ g (a) = a. Furthermore:
Proof. Fix a ∈ A and g ∈ G. If g · a = a then ϕ g (a) = a, since a = 1. Conversely, suppose that ϕ g (a) = a. Then g n · a = g · a n a for all n ∈ Z. By compactness, g · a = 1, and hence g · a = a as claimed. Suppose that ϕ g (a) = a for all a ∈ A. Then, as we have just seen, g · a = a for all a ∈ A. So g leaves all atoms fixed. Since g acts a lattice isomorphism and hence is order continuous, it follows from Theorem 5.1 that g = I E .
We can now prove a theorem that is reminiscent of the Peter-Weyl structure theorem and its applications to Banach space representations of compact groups.
Theorem 5.4 (Structure Theorem). Let E = {0} be an atomic Banach lattice and let A be its set of positive normalized atoms. Let G ⊆ L(E) be a strongly compact group of positive invertible operators on E, and let A/G be the set of orbits of elements of A under the induced action of G on A. Then the following assertions hold: a) For each orbit F ∈ A/G the band span(F ) is G-invariant, the corresponding band projection P F is G-intertwining, and G acts irreducibly on span(F ).
c) I = F ∈A/G P F as a strongly order-convergent series.
d) In the case K = C, each eigenvalue of G on E is torsion.
e) If G acts irreducibly on E, then dim(E) < ∞ and G has only finitely many eigenvalues.
Proof. a) It is obvious that span(F ) is G-invariant and G acts irreducibly on it.
Since G consists of lattice automorphisms, also span(F ) d is G-invariant, and hence P F is G-intertwining. b) Let B = {0} be any G-invariant band in E. Then B is generated (as a band) by A ∩ B. By G-invariance, A ∩ B is a union of G-orbits (for the induced action), i.e., a union of elements of A/G. Hence, if G acts irreducibly on B, A ∩ B must coincide with precisely one G-orbit of A, i.e., A ∩ B ∈ A/G. c) follows from Theorem 5.1 since A/G is partition of A. d) Let λ : G → C be an eigenvalue of G on E and 0 = x ∈ E a corresponding eigenvector. Then λ is a continuous homomorphism, and since G is compact, λ is unimodular. By c), one must have y := P F x = 0 for some F ∈ A/G, and by a), y is also an eigenvector corresponding to λ.
Let g ∈ G and n := |F |, the length of the (induced) G-orbit F . Then g n! acts (induced) on F as the identity. Hence, by Lemma 5.3, g n! acts (orginally) as the identity on span(F ). This yields y = g n! y = λ n! g y and hence λ n! g = 1. As g ∈ G was arbitrary, the eigenvalue λ is torsion. e) If G acts irreducibly on E, then b) tells that E is finite dimensional. As eigenvectors belonging to different eigenvalues have to be linearly independent, there can only finitely many eigenvalues, as claimed. We now shall list several criteria for the group G in Theorem 5.4 to be trivial. In Section 6 we will translate those criteria into sufficient conditions for the strong convergence of positive operator semigroups.
A positive linear operator T on a Banach lattice E is called strongly positive if T f is a quasi-interior point for every non-zero positive vector f ∈ E.
Corollary 5.6. Let G be a strongly compact group of positive invertible operators on an atomic Banach lattice E = {0}. Then each one of the following assertions implies that G = {I E }:
2) G has no clopen subgroups different from G.
3) G contains a strongly positive operator.
4)
Every finite-dimensional G-invariant band of E on which G acts irreducibly has dimension ≤ 1.
5) K = C and G is Abelian and does not have any non-constant torsion eigenvalues.
Proof. By Lemma 5.3 it it suffices to prove in each of the mentioned cases that the group homomorphism ϕ, defined in (5.4), is trivial. We fix a ∈ A and abbreviate F := ϕ G (a).
1) G acts transitively on F , which is a finite set. By a standard result from group theory, each homomorphism from a divisible group into a finite one must be trivial (see [GG17b, Lemma 2.3 and Proposition 2.4] for a proof). Hence F = {a}.
2) The set H := {g ∈ G | ϕ g (a) = a} is a clopen subgroup of G (since A is discrete), so H = G.
3) Suppose that g ∈ G is strongly positive. Then ϕ g (a) is a quasi-interior point and an atom, hence dom(E) = 1. In particular, F = {a}.
4) By Theorem 5.4, span(F ) is a finite-dimensional G-invariant band of E on which
G acts irreducibly. Hence 1 ≤ |F | = dim(span(F )) ≤ 1, by assumption. If follows that F = {a}.
5) Let m := |F |.
We may consider G as a compact Abelian group of m×m-matrices acting on span(F ) ∼ = C m . Since G is commutative, it is simultaneously diagonalizable. Each diagonal entry in a simultaneous diagonalization is an eigenvalue of G. By Theorem 5.4 such an eigenvalue is torsion, and hence, by asumption, trivial. This means that G acts as the identity on span(F ), which implies that F = {a}.
Convergence of Positive Semigroups
We shall now combine Theorem 4.3 with the findings of the previous section to obtain general results about strong convergence of positive operator semigroups. In all results of this section we shall take the following hypotheses (those of Theorem 4.3) as a starting point:
• E is a Banach lattice;
• T = (T s ) s∈S is a positive and bounded operator semigroup on E;
• T restricts to a bounded semigroup on E y and is E y -to-E quasi-compact for some quasi-interior point y ∈ E + . Let us call these our standard assumptions for the remainder of this paper. The standard assumptions warrant that Theorem 4.3 is applicable, and we freely make use of this fact in the following.
Spectral-Theoretic Consequences. We first draw some spectral-theoretic conclusions.
Theorem 6.1. Suppose that an operator semigroup (T s ) s∈S on a complex Banach lattice E satisfies the standard assumptions. Then the following assertions hold: a) Each unimodular eigenvalue of T is torsion. b) If T is irreducible, then it has only finitely many unimodular eigenvalues. c) T is strongly convergent if and only if T has no non-constant torsion eigenvalue.
Proof. a) By Theorem 2.2, each unimodular eigenvalue of T is the restriction of an eigenvalue of G := T | E∞ , where E ∞ = [ran(P ∞ )]. Since the latter space is atomic and G is compact, Theorem 5.4 yields that this eigenvalue is torsion. b) If T acts irreducibly on E then, by Theorem 4.3, G acts irreducibly on [ran(P ∞ )]. Hence, G has only finitely many unimodular eigenvalues by Theorem 5.4. By Theorem 2.2, each eigenvalue of T is the restriction of an eigenvalue of G. This proves the claim. c) The "if"-part follows from Corollary 5.6. For the "only if"-part we suppose that T s → P is strongly convergent. Then P = P ∞ and G = {I E∞ }. Since each unimodular eigenvalue of T is the restriction of an eigenvalue of G (Theorem 2.2), T has no non-constant unimodular eigenvalues.
Sufficient Conditions for Convergence. Apart from the spectral characterization of the previous theorem, Corollary 5.6 yields the following sufficient conditions for the convergence of a positive semigroup.
Theorem 6.2. Suppose that an operator semigroup (T s ) s∈S on a Banach lattice E satisfies the standard assumptions. In addition, let at least one of the following conditions be satisfied: 1) S is essentially divisible (e.g.: S is divisible or generates a divisible group; cf. Appendix C);
2) S carries a topology such that T is strongly continuous and the only clopen subsemigroup of S containing 0 is S itself (e.g.: S is connected).
3) T s is strongly positive for some s ∈ S.
Then T is strongly convergent.
Proof. Theorem 4.3 is applicable, so it suffices to consider the case that E = {0} is atomic and has order-continuous norm and that T is a compact group of positive invertible operators on E. We must show that T acts trivially on E. 1) By Corollary 5.6 it suffices to show that T is divisible. But this follows from a straightforward compactness argument.
2) Let H be any clopen subgroup of T . Then H := {s ∈ S | T s ∈ H} is a clopen subsemigroup of S. (Note that H = ∅ since H = ∅ is open and T S is dense in T .) By hypothesis, H = S, so T S ⊆ H. Since H is closed and T S is dense in T , it follows that H = T . Hence, T = {I E } by Corollary 5.6. 3) If T s is strongly positive, then T contains a strongly positive operator, and we conclude with the help of Corollary 5.6.
Remarks 6.3. 1) Condition 1) is satisfied, in particular, if S = R + (divisible semigroup), but also if S = {0} ∪ [1, ∞) (not divisible, but generating a divisible group). Note that in the latter case, the semigroup direction is just a subordering of the natural one, but does not coincide with it. Nevertheless, the associated notions of "limit" do coincide.
2) Condition 1) is also satisfied when S = [0, ∞), endowed with the semigroup operation (a, b) → a ∨ b = max{a, b}. The semigroup direction coincides with the natural ordering. This semigroup is neither divisible nor does it generate a divisible group (it is not even cancellative). However, it is essentially divisible.
On the other hand, this example is a little artificial, as each element of S is an idempotent, and hence a representation T = (T s ) s is just a family of projections with decreasing ranges as s increases. For such semigroups, the question of convergence can often be treated by other methods.
3) The semigroup of positive dyadic rationals is Lattice Subrepresentations. A closed linear subspace F of Banach lattice E is called a lattice subspace, if it is a Banach lattice with the order induced by E but with respect to an equivalent norm. A lattice subspace need not be a sublattice.
(By Theorem 4.1, the range of a positive projection is always a lattice subspace.) Given a representation T = (T s ) s∈S on a Banach lattice E, each T -invariant lattice subspace gives rise to a lattice subrepresentation. So the lattice subrepresentations are those subrepresentations where the underlying space is a lattice subspace.
Theorem 6.4. Suppose that an operator semigroup T = (T s ) s∈S on a Banach lattice E satisfies the standard assumptions. In addition, suppose that each finitedimensional lattice subrepresentation of T is at most one-dimensional. Then T is strongly convergent.
Proof. As in the proof of Theorem 6.2 it suffices to consider the case that E = {0} is atomic and that T is a compact group of positive invertible operators on E. It then follows that each finite-dimensional T -invariant band of E is at most onedimensional. Corollary 5.6 is applicable and yields the claim.
Conclusion: Some Classical Theorems Revisited
In this section we start with a little historical survey and end with demonstrating how our approach leads to far-reaching generalizations of the "classical" results.
Historical Note. In 1982, Günther Greiner in the influential paper [Gre82] proved the following result as "Corollary 3.11":
Theorem 7.1 (Greiner 1982) . Let T = (T s ) s≥0 be a positive contraction C 0 -semigroup on a space E = L p (X), 1 ≤ p < ∞, with the following properties:
1) There is a strictly positive T -fixed vector;
2) For some s 0 > 0 the operator T s0 is a kernel operator. Then lim s→∞ T s x exists for each x ∈ E.
For the proof, Greiner employed what has become known as "Greiner's 0/2-law" (see [Gre82, Theorem 3 .7] and also [GN82] ) and a result of Axmann from [Axm80] . Both results have involved proofs and make use of the lattice structure on the regular operators on Banach lattices with order-continuous norm. The relevance of Greiner's theorem derives from the fact that the assumptions can be frequently verified for semigroups arising in partial differential equations or in stochastics.
For a long time, Greiner's theorem stood somehow isolated within the asymptotic theory of (positive) semigroups. The "revival" of Greiner's theorem as a theoretical result began with a paper of Davies [Dav05] from 2005. Davies showed that the peripheral point spectrum of the generator A of a C 0 -semigroup T of positive contractions on a space E = L p (X), 1 ≤ p < ∞, has to be trivial in the following cases: (1) X is countable with the counting measure and (2) X is locally compact and second countable and T has the Feller property (i.e., each T s for s > 0 maps E into the space of continuous functions). Case (1) This result is "Theorem 3.1" in Arendt's paper [Are08] . Interestingly, as observed by Gerlach in [Ger13] , it already appears in Greiner's 1982 paper, namely in the first paragraph of his proof of Theorem 7.1 (i.e., his "Corollary 3.11"). We will thus call Theorem 7.2 the Greiner-Arendt theorem. Arendt points out that Theorem 7.2 implies Davies' result: in case (1) every positive operator is a kernel operator, whereas in case (2) Let us briefly sketch Arendt's proof of Theorem 7.2: If f ∈ E is an eigenvector of A for the eigenvalue λ ∈ iR, then T s |f | ≥ |f | for all s ≥ 0. Since each T s is a contraction and the norm on L p is strictly monotone, it follows that |f | is a fixed point. By restricting to the set [ |f | > 0 ] one can assume that |f | is strictly positive. Next, from the weak compactness of the order interval [0, |f |] it follows that the semigroup is weakly relatively compact. Then the JdLG-theory enters the scene and reduces to problem to an atomic Banach lattice with order continuous norm. Finally, Keicher's analysis from [Kei06] shows that the dynamics there must be trivial, and hence λ = 0.
Arendt's paper is remarkable in several respects. First of all, his proof of Theorem 7.2 employs the JdLG-theory which is central also to the more recent work of Gerlach and Glück, and to the present paper. Secondly, Arendt recalls Greiner's Theorem 7.1 and gives a proof (building, as Greiner did, on Theorem 7.2) under the additional assumption that the semigroup is irreducible. (This proof appears to be the first complete one in English language, cf. [Are08, Remark 4.3].) Thirdly, Arendt promotes Greiner's result by illustrating its use with several concrete examples.
Most remarkable of all, however, is what is not written in [Are08] : namely that Greiner's Theorem 7.1 almost directly implies the Greiner-Arendt Theorem 7.2. Indeed, one starts exactly as in Arendt's proof until one has found the quasiinterior fixed point |f |; then Greiner's theorem tells that lim s→∞ T s f exists, and hence λ = 0 follows.
In the following years the topic was taken up by M. Gerlach and J. Glück. Gerlach [Ger13] discussed Greiner's approach in a general Banach lattice setting and extended it to semigroups that merely dominate a kernel operator; he also noted that the dominated kernel operator can be replaced by a compact operator. In their quest to find a unifying framework, and stimulated by "Corollary 3.8" in Keicher's paper [Kei06] , Gerlach and Glück in [GG17a, GG17b] finally identified "AM-compactness" as the right property generalizing the different cases. Alongside a unification, this led also to a major simplification, since AM-compactness is much more easily shown directly than by passing through the concept of a kernel operator. (E.g., it follows directly from Theorem A.4 that a Feller operator as considered by Davies is AM-compact.)
Finally, Gerlach and Glück realized that strong continuity of the semigroup can be dispensed with, since arguments requiring time regularity can be replaced by purely algebraic ones. This led to proofs for most of the above-mentioned results for semigroups without any time regularity.
Somewhat independently from the above development, Pichór and Rudnicki proved convergence results for Markov semigroups which merely dominate a nontrivial kernel operator [PR00, Theorems 1 and 2]. Their results are closely related to (and earlier than) the results of Gerlach [Ger13] , but their approach is different, focusing on L 1 -spaces and employing methods from stochastics. Later on, in [PR16, PR18] , these authors adapted their original results to various situations involving semigroups on L 1 -spaces, with numerous applications in mathematical biology.
Remark 7.3. As noted above, the implication "Theorem 7.1 ⇒ Theorem 7.2" is almost immediate. Now, in hindsight, it becomes clear that Arendt in [Are08] was also very close to proving the converse implication "Theorem 7.2 ⇒ Theorem 7.1". Indeed, the weak compactness of order intervals in L p -spaces for 1 ≤ p < ∞ implies that on such spaces a positive bounded semigroup T = (T s ) s≥0 with a quasi-interior fixed point is relatively weakly compact. Hence, the "triviality of the peripheral point spectrum" asserted by Theorem 7.2 implies that T acts trivially on the "reversible" part of the corresponding JdLG-decomposition. One can then infer strong convergence of T if one knows that T is not just relatively weakly, but even relatively strongly compact. And the latter holds, in fact, since kernel operators are AM-compact; but in this context this was noted only later by Gerlach and Glück.
Old Theorems in a New Light. Let us now review some of the abovementioned results in the light of our actual findings. First of all, consider the following result, which is merely an instantiation of Theorem 6.2 a), to the (divisible!) semigroup R + .
Theorem 7.4. Let T = (T s ) s≥0 be a positive and bounded (but not necessarily strongly continuous) semigroup on a Banach lattice E with the following properties:
1) There is a quasi-interior point y ∈ E + and c > 0 such that T s y ≤ cy for all s ≥ 0.
2) For some s 0 > 0 the operator T s0 is AM-compact.
Then lim s→∞ T s x exists for each x ∈ E.
Theorem 7.4 is a slight strengthening of Theorem 4.5 from [GG17b] , where the quasi-interior point y is required to be T -fixed. It implies Greiner's Theorem 7.1 as a special case: simply note that on E := L p (X) a strictly positive function is quasi-interior and that a kernel operator is AM-compact (Theorem A.3).
In the next result, the requirement that one of the semigroup operators is AMcompact is relaxed towards a mere domination property, however on the expenses of strengthening other hypotheses.
Theorem 7.5. Let T = (T s ) s≥0 be a positive, bounded and irreducible (but not necessarily strongly continuous) semigroup on a Banach lattice E with order continuous norm. Suppose that the conditions are satisfied:
1) There is a quasi-interior point y ∈ E + such that T s y ≤ y for all s ≥ 0.
2) For some s 0 > 0 there is an AM-compact operator K = 0 with 0 ≤ K ≤ T s0 .
Proof. By Lemma 4.5, T satisfies the standard assumptions (see Section 6). Hence, as R + is a divisible semigroup, the assertions follow from Theorem 6.2 a).
Theorem 7.5 is a generalization of the abovementioned results [PR00, Theorems 1 and 2] of Pichór und Rudnicki for stochastic C 0 -semigroups on L 1 -spaces. For C 0 -semigroups on Banach lattices, the theorem is due to Gerlach [Ger13, Theorem 4.2].
We note that irreducibility of the semigroup can be replaced by other assumptions ensuring that the AM-compact operator K is "sufficiently large" when compared with the semigroup. A very general result of this type was proved by Gerlach and Glück in [GG17b, Theorem 3.11].
Let us finally return to the spectral-theoretic results (by Davies, Keicher, Wolff and Greiner-Arendt) discussed above. In this direction, we establish the following general theorem.
Theorem 7.6. Let T = (T s ) s∈S be a bounded and positive semigroup on a Banach lattice E. Suppose that for some s ∈ S the operator T s is AM-compact. Then the following assertions hold: a) Each unimodular eigenvalue is torsion.
b) If T is irreducible then there are only finitely many unimodular eigenvalues.
c) Suppose that 1) S is essentially divisible or 2) T is strongly continuous with respect to some topology on S such that the only clopen subsemigroup of S containing 0 is S itself. Then the only possible unimodular eigenvalue of T is the constant one.
Proof. We combine the classical ideas from Scheffold [Sch71] as employed by Keicher in [Kei06, Theorem 3.1] with the theory developed in this paper. a) Let λ = (λ s ) s∈S be a unimodular eigenvalue of T , and let 0 = z ∈ E be a corresponding eigenvector. Abbreviate y := |z| ∈ E + . Then
It follows that the net (T s y) s∈S is increasing. One can find a positive linear functional ϕ ∈ E ′ + such that ϕ(y) > 0. Define
It is routine to check that J is a closed and T -invariant ideal. Since ϕ(T s y) ≥ ϕ(y) > 0 for all s ∈ S, we have y / ∈ J. Moreover,
and (ϕ(T s x)) s∈S is increasing and bounded. Since J is a closed T -invariant ideal, the quotient space E 1 := E/J naturally carries the structure of a Banach lattice, and the representation T on E induces a representationT on E 1 bŷ
Letẑ := z + J andŷ := y + J be the equivalence classes of z and y in E 1 = E/J, respectively. Since the canonical surjection is a lattice homomorphism,ŷ = |ẑ| in E 1 . Since y / ∈ J,ẑ = 0. It follows thatẑ is an eigenvector ofT for the eigenvalue λ. Since T s y − y ∈ J for each s ∈ S, the pointŷ is T -fixed for the induced semigroup on E 1 . Moreover, by the hypothesis and Theorem A.2, for some s ∈ S the operator T s is AM-compact. Hence, when we restrict to the closed ideal E 2 := Fŷ generated byŷ in E 1 , we find that the semigroupT restricted to E 2 satisfies the standard assumptions. Theorem 6.1 then yields that that λ must be torsion. c) We start again as in the proof of a). By Theorem 6.2, either condition 1) and 2) implies thatT on E 2 is convergent. Then, by Theorem 6.1, we conclude that λ is constant.
Theorem 7.6 generalizes the Greiner-Arendt Theorem 7.2: simply specialize S = R + and note that kernel operators are AM-compact (Theoren A.3). A fortiori, it generalizes Davies' results from [Dav05] . However, it also implies Keicher's result [Kei06, Theorem 3.1] (but not Wolff's), as on an atomic Banach lattice with ordercontinuous norm all order intervals are relatively compact, and hence all bounded operators are AM-compact. Finally, Theorem 7.6 also generalizes [GG17b, Theorem 4.19].
Appendix A. AM-Compact Operators
Let E be a Banach lattice and F a Banach space. A bounded operator T : E → F is called AM-compact if T maps order intervals of E to relatively compact subsets of F .
The following is a useful characterization of AM-compactness in the case that E has a quasi-interior point y ∈ E + . Recall that this means that the principal ideal E y := {x ∈ E | there is c ≥ 0 such that |x| ≤ cy} is dense in E. We endow E y with its natural AM-norm
It is well known that this turns E y into a Banach lattice, isometrically lattice isomorphic to C(K) (with y being mapped to 1) for some compact Hausdorff space K (Krein-Krein-Kakutani theorem).
Lemma A.1. Let E be a Banach lattice with a quasi-interior point y ∈ E + , let F be any other Banach space and T : E → F a bounded operator. The following theorem shows that AM-compactness is preserved when one passes to a factor lattice with respect to an invariant closed ideal.
Theorem A.2. Let E be a Banach lattice, let T ∈ L(E) be AM-compact, and let I ⊆ E be a T -invariant closed lattice ideal in E. Then the induced operator
is also AM-compact.
Proof. Let 0 ≤ X ∈ E/I. We have to show: the order interval [0, X] in E/I is mapped by T / to a relatively compact subset of E/I. Recall from [Sch74, Prop. II.2.6] that for x, y ∈ E one has x+I ≤ y+I ⇐⇒ ∃x 1 , y 1 ∈ E : x − x 1 , y − y 1 ∈ I, x 1 ≤ y 1 .
In particular, there is x ≥ 0 such that X = x+I. Now, let 0 ≤ Y ≤ X be given. Then there are y ∈ E and z ∈ I such that y ≤ x + z and Y = y+I. Replacing z by |z| we may suppose in addition that z ≥ 0. By the decomposition property, y + = a + b for some elements 0 ≤ a ≤ x and 0 ≤ b ≤ z. Then b ∈ I since I is an ideal and z ∈ I. As the canonical surjection is a lattice homomorphism, Y + = a+I and hence
is relatively compact in E, and hence so is Theorem A.3. Let X and Y be measure spaces and let 1 ≤ p, q < ∞. Let, furthermore, k : X × Y → R + be a measurable mapping such that by
is (well) defined. Then T is AM-compact.
Proof. Let the measure spaces be X = (X, Σ X , µ X ) and
Suppose first that both measures µ X and µ Y are finite,
In the general case, consider the operator
is relatively compact. Hence, one may suppose without loss of generality that µ Y is finite and u = 1. Under this assumption let
and, for n ∈ N,
Define T n by
and it is supported on a set of finite measure. So, by what we have shown first,
is compact, and this concludes the proof.
We turn to a second class of examples of AM-compact operators.
Theorem A.4. Let X and Y be measure spaces, let 1 ≤ p, q < ∞, and let
be a positive operator with the following property: There is a sequence (A n ) n in Σ X such that n A n = X and such that
Then T is AM-compact.
Proof. By performing the same reduction as in the proof of Theorem A.3 above, we may suppose without loss of generality that Y is a finite measure space. It remains to show that
1 n ] f. By hypothesis and the dominated convergence theorem, P n T → T uniformly on order intervals of L p (Y), hence in particular with respect to the norm of L(L ∞ ; L q ). Therefore, it suffices to consider the case that also X is a finite measure space, and ran(T ) ⊆ L ∞ (X). By the subsequent Lemma A.5 we are done.
Lemma A.5. Let X and Y be finite measure spaces, 1 ≤ p, q < ∞ and T :
is compact.
Proof. We may suppose 1 < p = r < ∞. By the closed graph theorem, T :
, it has a weakly convergent subsequence (by reflexivity). Hence, (T f n ) n has a weakly convergent subsequence in L ∞ (X). But a weakly convergent sequence in L ∞ (X) converges strongly in L q (X) since X is a finite measure space. (Represent L ∞ (X) ∼ = C(K) for some compact Hausdorff space K, and observe that in C(K) a sequence(!) is weakly convergent if and only if it is uniformly bounded and pointwise convergent.)
Remarks A. 
3) In the proof of Lemma A.5 we have used that, for a finite measure space X, a sequence which converges weakly in L ∞ (X) must converge strongly on L q (X) for each 1 ≤ q < ∞. It would be nice to have a more elementary proof of this fact, avoiding the representation L ∞ (X) ∼ = C(K).
Appendix B. Universal Nets
In this appendix we treat, for the convenience of the reader, a useful but maybe not so widely known concept from general topology.
Let (I, ≤) be any directed set. A subset A of I is called a tail of I if it is of the form A = {α ∈ I | α ≥ α 0 } for some α 0 ∈ I. And it is called cofinal if its complement does not contain a tail. Equivalently, A is cofinal if for each α 0 ∈ I there is α ≥ α 0 such that α ∈ A. Clearly, each tail is cofinal.
A tail of a net (x α ) α∈I in a set X is a subset of the form {x α | α ∈ A}, where A ⊆ I is a tail of I. A net (x α ) α is called universal or an ultranet, if for each Y ⊆ X either the set Y or its complement contains a tail of the net. If f : X 1 → X 2 is a mapping and (x α ) α is a universal net in X 1 , then (f (x α )) α is a universal net in X 2 . Likewise, a subnet of a universal net is universal.
Lemma B.1. Each net has a universal subnet.
Proof. Let (x α ) α be a net in a set X. Then the tails of the net form a filter base, hence by Zorn's lemma there is an ultrafilter U containing all the tails. For β ∈ I and U ∈ U there is α(β, U ) ∈ I such that α(β, U ) ≥ β and x α(β,U) ∈ U . The set I × U is directed by
The net (x α(β,U) ) β,U is a universal subnet of (x α ) α .
Since a universal net in a topological space X converges if and only if it has a convergent subnet, X is compact if and only if each universal net in X converges.
Lemma B.2. Let X be a metric space and let (x α ) α∈I be a net in X. Consider the following three assertions:
(i) For each ε > 0 there is a compact set K ⊆ X such that B[K, ε] contains a tail of (x α ) α .
(ii) For each ε > 0 there is z ∈ X such that {α | x α ∈ B[z, ε]} is cofinal.
(iii) The net (x α ) α is a Cauchy net.
Then ( (i) Each subnet of (x α ) α∈I has a cluster point.
(ii) Each universal subnet of (x α ) α∈I converges.
(iii) For each cofinal subsequence (α n ) n∈N the sequence (x αn ) n∈N has a cluster point.
(iv) The set C is non-empty and compact.
Then (i) ⇔ (ii) ⇒ (iii) and (i) ⇒ (iv). If, in addition, I admits cofinal subsequences and X is metrizable, then (iii) ⇒ (iv) as well.
Proof. ⇐⇒ α ≤ β ∧ j 0 ≤ j 1 ∧ V ⊆ U.
For each (α, j, U ) ∈ M one has y j ∈ U and hence there is α ≤ ϕ(α, j, U ) ∈ I with x ϕ(α,j,U) ∈ U.
Then the mapping ϕ : M → I is cofinal, so (x ϕ(α,j,U) ) (α,j,U)∈M is a subnet. By hypothesis (i), this subnet has a cluster point y ∈ X, say. We prove that y j → y.
To this end, let V be any open neighborhood of y in X. Since X is regular, there is an open set W such that y ∈ W ⊆ W ⊆ V . It suffices to show that W contains a tail of (y j ) j . Suppose that this is not the case. Then, since that net is universal, the complement U 0 := X \ W contains tail of (y j ) j . This means that there is j 0 ∈ J such that y j ∈ U 0 for all j ≥ j 0 . In particular, (α, j 0 , U 0 ) ∈ M for all α ∈ I.
Fix α 0 ∈ I. Then, since y is a cluster point of (x ϕ(m) ) m∈M and W is an open neighborhood of y, there is M ∋ (α, j, U ) ≥ (α 0 , j 0 , U 0 ) with x ϕ(α,j,U) ∈ W . But by the construction of ϕ we have also x ϕ(α,j,U) ∈ U ⊆ U 0 . Since U 0 ∩ W = ∅, this yields a contradiction and the proof is complete. (i) ⇒ (iii): This is trivial, as the sequence (x αn ) n is a subnet of (x α ) α whenever (α n ) n is a cofinal sequence in I. (iii) ⇒ (iv): Suppose that d is a metric inducing the topology of X and that I admits cofinal sequences. It then follows from (iii) that C = ∅. In order to see that C is compact, let (y n ) n be a sequence in C and let (α n ) n be a cofinal sequence in I. Recursively, one can find a sequence (x βn ) n such that β n ≥ α n and d(x βn , y n ) ≤ 1 n . By (iii), (x βn ) n has a cluster point. Since X is metric, this means that (x βn ) n has a convergent subsequence. But then (y n ) n also has convergent subsequence, and as C is closed, the limit of this subsequence lies in C.
Appendix C. Some Notions from Semigroup Theory
A semigroup is a non-empty set S together with an associative operation S × S → S, generically called "multiplication". A subset M of a semigroup S is multiplicative, if M · M ⊆ M . A non-empty multiplicative subset is a subsemigroup. A non-empty subset J of a semigroup S is a (two-sided) ideal of S if SJ ∪ JS ⊆ J. Each ideal is a subsemigroup.
A neutral element in a semigroup is any element e ∈ S such that es = se = s for all s ∈ S. There is at most one neutral element; if there is none, one can adjoin one in a standard way.
A semigroup S is called Abelian or commutative if st = ts for all s, t ∈ S. It is common to write Abelian semigroups additively, and denote their neutral elements by 0.
An Abelian semigroup S is called cancellative if it satisfies the implication s + t = s + t ′ ⇒ t = t ′ for all s, t, t ′ ∈ S. By a standard result from semigroup theory, S is faithfully embeddable into a group if and only if S is cancellative. In this case, one usually considers S as a subset of some group G such that G = S−S. The (necessarily Abelian) group G is then unique up to canonical isomorphism and is called the group generated by S. In each case, when we speak of a group generated by an Abelian semigroup S, we have this meaning in mind, and in particular suppose tacitly that S is cancellative.
An Abelian semigroup S with neutral element 0 is called divisible, if for each s ∈ S and n ∈ N there is t ∈ S such that nt = s. (This definition extends the common notion of divisibility from groups to semigroups.) And S is called essentially divisible if for each s ∈ S and n ∈ N there are t 1 , t 2 ∈ S such that nt 1 = s + nt 2 .
Each divisible semigroup and each semigroup that generates a divisible group is essentially divisible.
